Abstract. The introduction of type-II defects is discussed under the Lagrangian formalism and Lax representation for the N = 1 super-Liouville model. We derive a new kind of superBäcklund transformation for the model and show explicitly the conservation of the modified energy and momentum, as well as supercharge.
Introduction
The study of two-dimensional integrable field theories in the presence of defects or impurities has evolved into a rich subject in recent years from both classical and quantum points of view [1] - [14] . The Lagrangian formalism was initially introduced in [3] to describe integrable defect conditions through a suitable local Lagrangian density located at a fixed point. The fields on either side of the defect only interact with each other at the boundary, which characterizes the type-I defects. Several types of bosonic field theories [3, 4] allow this kind of defects preserving modified charges after including some defect contributions. Their integrability can be ensured by using the wellknown inverse scattering method formalism where the defect conditions corresponding to frozen Bäcklund transformations turn to be encoded in the defect matrix [5] .
Soon after, a generalization of the original Lagrangian description was proposed in [6] , by allowing additional degrees of freedom associated with the defect itself, which is now called type-II defects. This alternative framework was analysed in the cases of the sine/sinh-Gordon, massive free field, Liouville and Tzitzéica-Bullough-Dodd models in [6, 7] . For the supersymmetric extensions of sine-Gordon model [8, 9] , and for the massive Thirring models [10, 11] , those additional degrees of freedom had already appeared naturally. An important feature of this kind of defects turns to be the fact of having characteristics resembling a pair of fused type-I defects.
On the other hand, it was also proposed in [12] a fully algebraic approach involving the classical r-matrix structure, as well as a modified transition matrix to describe the Liouvilleintegrable defects, which allowed mainly to show the involutivity of the modified charges in several integrable models [12, 13, 14] .
In this paper we will provide a Lagrangian description for the type-II defects within the N = 1 super-Liouville model. We will propose a generalization of the super-Bäcklund transformation for the super-Liouville equation given in [15] , by including a chiral superfield in the formulation. We will also derive the defect matrices for the Liouville and super-Liouville models and show explicitly the conservation of the modified momentum, energy and supercharge. We also show that the conformal invariance is guaranteed after introducing the type-II defects in the models, which implies they are indeed topological defects.
Type-II defect Liouville field theory
In this section, we will review the type-II defects in the Liouville field theory by using the Lagrangian framework, and present also the Lax formalism.
Lagrangian description
Let us introduce a defect located at x = 0, with φ 1 (x, t) be a Liouville field on the left side of it, φ 2 (x, t) be also a Liouville field on the right side of it, and Λ 0 (t) a boundary field associated with the defect itself. Then, we start with the following Lagrangian density,
with
where the Liouville potential is given by V p = µ 2 e 2φp and the defect potential B 0 can be decomposed into
, after introducing the variables φ ± = φ 1 ± φ 2 [6] . Here µ is a scale parameter sometimes called cosmological constant. It is not difficult to show that the modified energy E + B 0 is conserved, where E denotes the canonical energy. On the other hand, by requesting a conserved modified momentum, the defect potentials B ± 0 have to satisfy the non-linear relation,
and can be adequately written as
where κ is an arbitrary parameter. Besides the respective bulk field equations, namely
we also obtain the defect conditions at x = 0,
where the following light-cone notation has been used,
If these type-II defect conditions hold for every x ∈ R, we get
the type-II Bäcklund transformations for Liouville equation which couples an auxiliary holomorphic field Λ 0 = Λ 0 (z) to the Liouville fields. From the above equations we can also find an anti-holomorphic functional, namely,
Now, the modified conserved momentum is given explictly by
, where P denotes the canonical momentum. It is worth also noting that when Λ 0 = 0, the type-I defect first proposed in [3] is recovered, which can be described by the defect conditions,
In the next subsections, we will present a discussion about the conformal symmetry in the present of the defects, and the defect matrix which guarantees the existence of higher-order modified conserved quantities.
Defect conformal symmetry
In this subsection we discuss if the defect conditions introduced in subsection (2.1) indeed respect the conformal symmetry of the original bulk Liouville theory. The defect is called conformal if the energy-momentum tensor flow is continuos across the defect, namely,
where T (p) (z) and T (p) (z) for p = 1, 2, are the respective holomorphic and anti-holomorphic components of the stress tensor, and are given by [16] 
From the equations of motion, we can show that the conservation laws∂T = ∂T = 0 are properly satisfied. Now by using the type-II defect conditions, one can directly show that the holomorphic and anti-holomorphic part of the stress-tensor are continuous across the defect individually, namely
Therefore the type-II integrable defect described by the conditions belong to the class of purely transmitting defects, or sometimes called topological defects [17] , which is one of the extremal solutions for the gluing condition (16) . For the type-I integrable defect (Λ 0 = 0), we find that only the second condition (19) is still satisfied, but the first one (18) differs by a total time-derivative term, namely,
Then, the type-I defect is integrable but not conformal, and the Λ 0 field can be thought of as responsible for recovering the conformal invariance of the original theory after introducing a defect. It is also worth noting that an alternative type-I defect can be considered for the Liouville theory which is derived just by exchanging ∂ ↔∂ in condition (15) , and that satisfies the first gluing condition (18) but not the second one (19) . Then, it is quite natural understand the type-II integrable defect for Liouville theory also as being the result of fusing (in the sense of [18] ) these two different kinds of type-I defects, as was already suggested in the sine-Gordon case [6] (see also [19] for fusing defects in the a
r Toda models).
Defect matrix
Let us define the following auxiliary linear system:
where Ψ is a two-dimensional column vector, λ is a spectral parameter, and A andĀ are the Lax connections given by,
Then, the Liouville field equation can be derived as a compatibility condition, or in other words from the zero curvature condition or Lax-Zhakharov-Shabat equation, namely,
Let us now consider the defect matrix K(λ) connecting two different auxiliary problems,
, by using the following ansatz,
which satisfies the differential equations,
There are two kind of solutions for the K-matrix. The first one involves the set {α 11 , α 22 , β 21 , β 12 , γ 11 , γ 22 }. Then, we get
where a 11 and c 11 are two arbitrary constants. Then, the defect matrix takes the following form,
The other solution involves the following set of components {α 12 , β 11 , β 22 , γ 21 }. In this case we find,
where
2β 2 . Then, the defect matrix can be written as,
We remark that the existence of the defect matrix provides a sufficient condition to show that integrability is preserved after introducing the type-II defects described by the conditions (7)- (9), since the defect contributions for an infinite number of modified conserved quantities can be recursively computed from the entries of the defect matrix as it was already shown explicitly in the sine-Gordon, Tzitzeica-Bullough-Dodd [7] and Thirring models [11] .
Super-Liouville theory with defects
In this section, we propose a supersymmetric extension of the type-II defect Lagrangian density described in (1)- (3) for the N = 1 supersymmetric Liouville field theory.
Lagrangian description
Let us consider the supersymmetric Liouville field theory with type-II defects decribed by the following Lagrangian density,
and the defect Lagrangian can be written as
where the defect potentials are given by,
Here, besides the bosonic field Λ 0 the defect potentials also depend on two more auxiliary fermionic fields Λ 1 and f 1 . Then, the bulk field equations are
and the defects conditions at x = 0 are given as follows,
These equations agree with the type-II super-Bäcklund transformation for the super-Liouville model derived in the Appendix B, and can be seen has a straightforward extension of the already known Bäcklund transfomation proposed in [15] . Then, these defect equations are invariant under the supersymmetry transformations,
where the parameter κ in (44) must be set to −1. Now, we notice that it is possible to eliminate the Lagrange multiplier Λ 1 and simplify the defect conditions as follows,
These relations can be derived from an alternative defect Lagrangian density
From these Lagrangian density we derive the corresponding canonical momentum, which is given by
By taking its time derivative, we get
Now, by using the defect conditions (52)- (57) the right-hand-side of (60) becomes a total timederivative and then the modified conserved momentum is given by the combination,
Now, for the energy
the modified conserved energy is respectively given by,
Besides being integrable, the defect theory is also invariant under the supersymmetry transformations, the associated conserved supercharges are given by,
Then, by considering now the defect conditions we found that the modified conserved supercharges are given by,
Here it is worth pointing out that this is the first time that a type-II defect is encompassed within both supersymmetric and conformal model. Presumably, super-extensions of type-II integrable defects for some affine Toda models could be found, for instance for super sinh-Gordon model.
Defect superconformal symmetry
The defect is called superconformal if both the stress tensor and the supercurrents, which are the generators of the supersymmetry transformations, are continuous across the defect. These conditions are written as
where the holomorphic and antiholomorphic components of the stress tensor and supercurrents are given by [16] ,
for p = 1, 2. From the equations of motion, we can show again that the conservation laws ∂T = ∂T =∂J = ∂J = 0 are indeed satisfied. Now, after some quite straightforward computations, we conclude that the type-II defect introduced in the previous subsection for the N = 1 super-Liouville model is indeed a topological defect, i.e. each holomorphic and anti-holomorphic part of the corresponding currents satisfy the following constraints,
Therefore, we have found that the N = 1 super-Liouville model with type-II defect introduced by the Lagrangian density (32) preserves not only supersymmetry but also the conformal symmetry.
Lax representation
Let us first describe the super-Liouville equation (B.2) as a compatibility condition of the following two linear systems of differential equations,
where D andD are the superderivatives introduced in Appendix B, V(x, θ; λ) is a vector-valued superfield whose components are the bosonic superfields V 1 and V 2 , and the fermionic superfield V 3 , and λ is the spectral parameter. The super-Lax connections A andĀ are 3 × 3 graded matrices that can be written in the following form,
where Φ is a bosonic superfield given by
and {H, F ± } are generators of the osp(1, 2) Lie superalgebra (see Appendix A). Then, the zerocurvature condition in the superspace, namelȳ
allows us to recover the super-Liouville equation (B.2). Now, if we consider the θ-expansions of V, A andĀ respectively, we can find directly the bosonic Lax operator for the supersymmetric Liouville model. Using (B.1), we obtain
where,
It is worth noting that if the fermionic fields vanish we recover the Lax connections for the Liouville model given in the linear problem in eq. (22).
Defect super-matrix
Now we are interested in deriving the defect matrix for the super-Liouville theory. Let us consider the graded matrix K connecting two different configurations, namely Ψ 1 = K(λ)Ψ 2 , satisfying the following equations
where A andĀ are given in eqs. (79) and (80). Let us consider the following ansatz for the λ-expansion of K,
Then, by solving the differential equations (81), we get
where b 11 and d 11 are two arbitrary constants. Then, this K-matrix can be thought of as generating the type-II defect conditions for the N = 1 super-Liouville. In addition, besides the defect contributions to the modified conserved energy, momentum and supercharges, explicitly contributions for higher order modified conserved quantities could be also derived following [11] .
Appendix A. The osp(1, 2) Lie superalgebra The osp(1, 2) Lie superalgebra contains three bosonic generators H, E ± which correspond to the sl(2) Lie algebra, and two fermionic generators F ± . The three-dimensional matrix representation is given below Usually this superalgebra is labelled B(0, 1) and describe the simplest example of a superconformal Toda theory based on a contragredient Lie superalgebra [20, 21] . The (anti) commutation relations are given by,
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